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Abstract
We study the minimal extensions of the Standard Model by a linear combination of
U(1)Le−Lµ , U(1)Lµ−Lτ and U(1)B−L gauge symmetries, where three right-handed neutrinos
and one U(1)-breaking SU(2)L singlet or doublet scalar are introduced. Because of the
dependence on the lepton flavor, the structures of both Dirac and Majorana mass matrices
of neutrinos are restricted. In particular, the two-zero minor and texture structures in the
mass matrix for the active neutrinos are interesting. Analyzing these structures, we obtain
uniquely all the neutrino parameters, namely the Dirac CP phase δ, the Majorana CP phases
α2,3 and the mass eigenvalues of the light neutrinos mi as functions of the neutrino mixing
angles θ12, θ23, and θ13, and the squared mass differences ∆m
2
21 and ∆m
2
31. In 7 minimal
models which are consistent with the recent neutrino oscillation data, we also obtain the
predictions for the sum of the neutrino masses Σimi and the effective Majorana neutrino
mass 〈mββ〉 and compare them with the current experimental limits. In addition, we also
discuss the implication of our results for leptogenesis.
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1 Introduction
Two decades have passed since the Super-Kamiokande observed the neutrino oscillation in 1998.
From that time on, a lot of experiments, such as T2K [1, 2], KamLAND [3], and so on, are
conducted, and then the neutrino mixing angles and the squared mass differences are vigorously
measured. The observations of neutrino oscillations claim that neutrinos have non-zero masses
and we have to modify the neutrino sector in the Standard Model (SM). During these two
decades, a lot of modifications were proposed to solve this puzzle. The simplest way to explain
the neutrino masses is to introduce right-handed neutrinos into the SM. If they couple to the SM
leptons and the Higgs field, the active neutrinos acquire the Dirac masses as the other fermions
do. Moreover, the smallness of the neutrino masses can be naturally understood by the seesaw
mechanism [4–7]. For instance, if neutrinos are Majorana particles, and the Majorana masses
are much heavier than the Dirac masses, then the tiny neutrino masses are realized by the type-I
seesaw mechanism.
On the other hand, it is often considered to extend the SM gauge sector by U(1) gauge
symmetries [8–11]. For instance, it is well known that U(1)B−L can be introduced to the SM
without anomalies when three right-handed neutrinos are introduced to the SM. In addition, it
is well known that the U(1)Lα−Lβ gauge symmetries, where Lα represents the lepton number
of generation associated with α (= e, µ, τ), can be also introduced to the SM without regard to
whether three right-handed neutrinos are introduced or not. Above all, the U(1)Lµ−Lτ gauge
symmetry is often discussed in the contexts of the muon g−2 anomaly [12–17], flavor physics [18,
19], dark matter [20–26], and so on. Other recent related studies on the gauged U(1)Lα−Lβ
models are found in Refs. [27–55].
In models extended by a lepton flavor-dependent U(1) gauge symmetry (hereafter written as
U(1)Y ′), the structure of the neutrino mass matrix is tightly restricted. Then if we extend only
the gauge sector and the extra U(1)Y ′ gauge symmetry is preserved, the neutrino mass matrix
is too sparse to explain the neutrino oscillation data, and therefore we need to break the U(1)Y ′ .
To do so, one usually introduces a SU(2)L singlet or doublet scalar with a non-zero U(1)Y ′
charge such that its VEV spontaneously breaks the U(1)Y ′ gauge symmetry and gives a mass
to the U(1)Y ′ gauge boson. We, however, note that even though the U(1)Y ′ gauge symmetry is
spontaneously broken, the structure of the neutrino mass matrix is still highly constrained if we
introduce only one U(1)Y ′-breaking scalar field and consider only renormalizable interactions.
Particularly, in some U(1)Y ′ cases, including U(1)Lµ−Lτ , (the inverse of) the neutrino mass
matrix has zeros in its two components, and such a structure is called two-zero texture (minor).
For previous studies on the neutrino sector of the gauged U(1)Lα−Lβ models, see Refs [56–
66]. In Refs. [58, 59], the relations between lepton flavor-dependent U(1) gauge symmetries
and structures of the neutrino mass matrix are comprehensively discussed and, previously, in
Refs. [67–69], the relations between two-zero minor and texture structures and constrains on the
neutrino parameters are discussed. In Refs. [64, 65], we have discussed them in detail, and have
given the predictions for unknown parameters, such as the CP phases, the neutrino masses, and
the effective neutrino mass, in the case of the minimal extended model by a U(1)Lα−Lβ gauge
symmetry, that we call “the minimal gauged U(1)Lα−Lβ model”, and we have found that these
models are already ruled out or are driven into a corner.
In this paper, we have extended the U(1)Lα−Lβ gauge symmetries to a linear combination
of the U(1)Le−Lµ , U(1)Lµ−Lτ , and U(1)B−L, and have found viable minimal models. Such a
linear combination is the most general lepton flavor-dependent U(1), which can be introduced
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Table 1: U(1)Y ′ charges of SM fermions and right-handed neutrinos
field quarks
leptons
Higgs
e, νe, Ne µ, νµ, Nµ τ, ντ , Nτ
charge xq xe xµ xτ 0
to the SM gauge sector without anomalies and is consistent with renormalizable Yukawa terms
when three right-handed neutrinos are added to the SM. This kind of U(1)s are also discussed,
for instance, in Refs. [70–73]. We analyze the minimal models with two-zero minor or texture
structure of the neutrino mass matrix in the same way as we did in Refs. [64, 65], and then we find
that only three minimal models are consistent with the recent experiments. We obtain all the CP
phases in the PMNS matrix and the mass eigenstates of the light neutrinos as functions of the
neutrino oscillation parameters. We also discuss the implication of our results for leptogenesis
and give the predictions of the baryon asymmetry of the Universe.
This paper is organized as follows. In Sec. 2, we review the anomaly cancellation condi-
tions and then introduce the minimal gauged U(1) models and explain only fifteen U(1) gauge
symmetries realize two-zero minor (TZM) or texture (TZT) structure. In Sec. 3, we show the
analyses of the TZM structure following Ref. [64, 65]. We then show in Sec. 4 the predictions
for the Dirac CP phase δ, the sum of the neutrino masses Σimi, and the effective mass for the
neutrinoless double beta decay 〈mββ〉. In Sec. 5, we discuss the implications for the leptogenesis.
Finally, our conclusions are summarized in Sec. 6. In Appendix, we show the explicit expressions
for the values and equations which appear in the analyses of the neutrino mass matrices.
2 Minimal gauged U(1) models and neutrino mass matrices
2.1 Anomaly cancellation conditions
For a start, we discuss the conditions that lepton flavor-dependent U(1)Y ′ gauge symmetries do
not cause anomalies, where Y ′ represents the charge of the U(1)Y ′ . We assume as follows:
• All quarks have the same U(1)Y ′ charges.
• Left-handed and right-handed fermions have the same U(1)Y ′ charges.
• Charged leptons and neutrinos with the same flavor have the same U(1)Y ′ charge.
• U(1)Y ′ charge of the Higgs field is zero.
Tab. 1 summarizes the above assumptions.
Under these assumptions, the cubic, gravitational, U(1)Y×U(1)Y ′×U(1)Y ′ and SU(3)C ×SU(3)C×U(1)Y ′
anomalies vanish. This is because left-handed and right-handed fermions have the same U(1)Y ′
charges and the opposite contributions to these anomalies. Therefore, as shown in Refs. [58, 59,
74], the SU(2)L×SU(2)L×U(1)Y ′ and U(1)Y×U(1)Y×U(1)Y ′ anomalies lead the same nontrivial
condition of the anomaly cancellation as follows:
9xq + xe + xµ + xτ = 0. (1)
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Thus, the charge Y ′ can be written as follows:
Y ′ =
{
xeLe + xµLµ − (xe + xµ)Lτ (xq = 0)
B + xeLe + xµLµ − (3 + xe + xµ)Lτ (xq = 13)
. (2)
Therefore, only two types of lepton flavor-dependent U(1) gauge symmetries, i.e. U(1)xeLe+xµLµ−(xe+xµ)Lτ
and U(1)B+xeLe+xµLµ−(3+xe+xµ)Lτ (hereinafter abbreviated to U(1)eµτ and U(1)Beµτ , respec-
tively), can be introduced to the models without anomalies.
Introducing these gauge symmetries, the mass terms of the neutrino Dirac, Majorana and
charged lepton are strictly restricted. In the (e, µ, τ) basis, the U(1)Y ′ charges of the neutrino
Dirac Yukawa and the charged lepton terms are
QY ′(Dirac & charged lepton) :


0 −xe + xµ −2xe − xµ
xe − xµ 0 −xe − 2xµ
2xe + xµ xe + 2xµ 0
 for Y ′ = eµτ
0 −xe + xµ −3− 2xe − xµ
xe − xµ 0 −3− xe − 2xµ
3 + 2xe + xµ 3 + xe + 2xµ 0
 for Y ′ = Beµτ
,
(3)
where the (α, β) entry in the above matrices represents the U(1)Y ′ charge of the fermion bilinear
term N cαLβ or e
c
αLβ, with α, β the flavor indices. On the other hand, those of the Majorana
mass term of the right-handed neutrinos are
QY ′(Majorana) :


−2xe −xe − xµ xµ
−xe − xµ −2xµ xe
xµ xe 2(xe + xµ)
 for Y ′ = eµτ
−2xe −xe − xµ 3 + xµ
−xe − xµ −2xµ 3 + xe
3 + xµ 3 + xe 2(3 + xe + xµ)
 for Y ′ = Beµτ
, (4)
where the (α, β) entry in the above matrices represents the U(1)Y ′ charge of the fermion bilinear
term N cαN
c
β. From Eqs. (3) and (4), we find that the Dirac, charged lepton, and Majorana mass
matrices are sparse, at least block diagonal, even in any Y ′ charge assignments. Then required
values of the neutrino mixing angles cannot be obtained from the simple model, as long as the
extra U(1)Y ′ is preserved and only renormalizable interactions are considered. Therefore, we
introduce one SU(2)L scalar singlet or doublet with non-zero U(1)Y ′ charge
1. Its VEV leads the
U(1)Y ′ symmetry breaking, and then the Majorana or Dirac mass terms are generated. These
mass matrices have various structures depending on U(1)Y ′ gauge symmetries and additional
scalars, and the TZM and TZT structures are especially interesting. This is because the TZM
1We can choose a SU(2)L triplet as the U(1)Y ′ breaking scalar. However, we find, in that case, the resultant
neutrino mass matrix cannot have the TZM or the TZT structure, and then we do not consider the triplet case
in this paper.
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Table 2: Gauged U(1) flavor symmetries which realize the TZM or TZT structures and their
structural patterns. The notations for the structural patterns of the TZM and TZT struc-
tures [75, 76] are written in Tab. 3. The index R (ν) means that the corresponding symmetry
realizes TZM (TZT) structure of the light neutrino mass matrix. Numbers in parentheses rep-
resent the U(1)Y ′ charges of the U(1)Y ′-breaking scalar singlets and doublets and “−” means
that the corresponding U(1)Y ′ cannot realize the TZM or TZT structure.
Y ′ Structural pattern
Singlet Doublet
eµτ Le − Lµ ER1 (+1) Aν2(+1) Dν1(−1)
Lµ − Lτ CR(+1) Bν3(+1) Bν4(−1)
Le − Lτ ER2 (+1) Aν1(+1) Dν2(−1)
Beµτ B − 3Le − Lµ + Lτ AR1 (+2) − −
B − 3Le + Lµ − Lτ AR2 (+2) − −
B − Le − 3Lµ + Lτ BR3 (+2) − −
B − Le + Lµ − 3Lτ BR4 (+2) − −
B + Le − 3Lµ − Lτ DR1 (+2) − −
B + Le − Lµ − 3Lτ DR2 (+2) − −
B − 3Le FR1 (+6) − −
B − 32Lµ − 32Lτ FR1 (+3) − −
B − 3Lµ FR2 (+6) − −
B − 32Le − 32Lτ FR2 (+3) − −
B − 3Lτ FR3 (+6) − −
B − 32Le − 32Lµ FR3 (+3) − −
or TZT structure enables us to predict the low-energy neutrino parameters. When (the inverse
of) the neutrino mass matrix has more than two-zeros, the vanishing conditions lead too many
constraints and there is no solution. On the other hand, when (the inverse of) the neutrino mass
matrix has one or no zero, the model has less predictive power and this case is less interesting.
That is why we focus on the TZM and TZT cases in this paper. In Tab. 2, we summarize
the U(1)Y ′s which realize the TZM or TZT structure in the minimal models. The structural
patterns in Tab. 2 are summarized in Tab. 3 and we follow the notation in Refs. [75, 76]. As
we see in Tab. 2, there are only 15 patterns, and only the minimal gauged U(1)Lα−Lβ models
with a doublet scalar can realize the TZT structures. These doublet cases have been discussed
in detail in Ref. [65], and so we explain them briefly and show only the results for completeness
in this paper. Moreover, we can use the same method as Ref. [64, 65] to analyze the neutrino
mass matrices in the cases of general U(1)Y ′s because the difference between the U(1)Lµ−Lτ and
the other U(1)Y ′ cases are only the positions of the zero components.
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Table 3: The list of the structural patterns of the two-zero minor and texture structure. We
follow the notation in [75, 76].
structure index A1 A2 B3 B4 C D1
pattern

0 0 ∗
0 ∗ ∗
∗ ∗ ∗


0 ∗ 0
∗ ∗ ∗
0 ∗ ∗


∗ 0 ∗
0 0 ∗
∗ ∗ ∗


∗ ∗ 0
∗ ∗ ∗
0 ∗ 0


∗ ∗ ∗
∗ 0 ∗
∗ ∗ 0


∗ ∗ ∗
∗ 0 0
∗ 0 ∗

D2 E1 E2 F1 F2 F3
∗ ∗ ∗
∗ ∗ 0
∗ 0 0


0 ∗ ∗
∗ 0 ∗
∗ ∗ ∗


0 ∗ ∗
∗ ∗ ∗
∗ ∗ 0


∗ 0 0
0 ∗ ∗
0 ∗ ∗


∗ 0 ∗
0 ∗ 0
∗ 0 ∗


∗ ∗ 0
∗ ∗ 0
0 0 ∗

2.2 Minimal gauged U(1) models
Here, using U(1)B+Le−3Lµ−Lτ case, we show the realization of the TZM structure in the minimal
gauged U(1)Y ′ model with a U(1)Y ′-breaking singlet scalar. The interaction terms in the leptonic
sector are then given by
∆L =− yeecRLeH† − yµµcRLµH† − yττ cRLτH†
− λeN ce (Le ·H)− λµN cµ(Lµ ·H)− λτN cτ (Lτ ·H)
−MeτN ceN cτ −
1
2
λeeσN
c
eN
c
e − λeµσ∗N ceN cµ −
1
2
λττσ
∗N cτN
c
τ + h.c. , (5)
where the dots indicate the contraction of the SU(2)L indices. After the Higgs field H and the
singlet scalar σ acquire VEVs2 〈H〉 = v/√2 and 〈σ〉, the Dirac, Majorana and charged lepton
mass matrices are obtained as follows:
MD = v√
2

λe 0 0
0 λµ 0
0 0 λτ
 , MR =

λee 〈σ〉 λeµ 〈σ〉 Meτ
λeµ 〈σ〉 0 0
Meτ 0 λττ 〈σ〉
 , M` = v√2

ye 0 0
0 yµ 0
0 0 yτ
 .
(6)
Throughout this work, we assume that the non-zero components in the Majorana mass matrix
MR are much larger than those in the Dirac matrix MD so that the mass matrix of the active
neutrinos is given by the seesaw formula [4–7]
MνL ' −MDM−1R MTD . (7)
We note that any size of the VEV of the singlet scalar field σ can be allowed as long as the
Majorana masses are much larger than the Dirac masses.
The minimal gauged U(1)Y ′ models are constrained by many kinds of the experiments rel-
evant to the U(1)Y ′ gauge boson Z
′ [44, 47, 54]. For example, Z ′ with relatively large gauge
2We can always take the VEV of σ to be real by using U(1)B+Le−3Lµ−Lτ transformations.
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coupling like & O(10−3) is constrained by the e+e− colliders, such as BABAR [77], Belle [78, 79],
KLOE [80–82], etc. When Z ′ couples to electrons, these experiments give strict constraints. Oth-
erwise, when Z ′ couples to muons, for example, the BABAR experiment search for ee¯→ µµ¯Z ′,
Z ′ → µµ¯ constrains Z ′ in around GeV mass range [83]. Other than that, there is the Borex-
ino experiment [84, 85], which gives a bound on the ν-e interactions and the tests of neutrino
trident production [18, 86–88]. For relatively light mass (mZ′ . 100 MeV) and small coupling
constant (gZ′ . 10−3), the minimal models are constrained by the electron beam-dump exper-
iments [89, 90], such as SLAC E137 [91], SLAC E141 [92], Fermilab E774 [93], Orsay [94], etc,
and the proton beam-dump experiments, such as CHARM [95, 96], U70/Nu-Cal [97, 98], etc.
The doublet case realizes the TZT structure. As we have discussed in Ref. [65], the difference
between the singlet and doublet cases is that a doublet scalar with U(1)Y ′ charge +1 realizes
different TZT structure from one with U(1)Y ′ charge −1 3. Furthermore, the U(1)Y ′-breaking
scale should be lower than the electroweak scale, and only the U(1)Lµ−Lτ avoids the experimental
constraints relevant to Z ′.
3 Vanishing conditions and neutrino parameters
In this section, following the analyses of Refs. [64, 65], we analyze the conditions from two-
zero minor (texture) structure in the active neutrino mass matrix and see the two conditional
equations which the low-energy neutrino parameters should satisfy. By solving these equations,
we show that four unknown parameters can be written as functions of the rest of the param-
eters. As we mentioned before, we explain how to analyze neutrino mass matrix, using the
U(1)B+Le−3Lµ−Lτ case, and this analyses can be applied to the other U(1)Y ′s.
3.1 Vanishing conditions in the neutrino mass matrix
As we said in the previous section, we assume that the Majorana masses are much larger than
the Dirac masses so that the mass matrix of the active neutrinos is given by the seesaw formula
(Eq. (7)). On the other hand, the charged mass matrix M` is diagonal in this model, and thus
we can obtain the mass eigenvalues of the light neutrinos, diagonalizing this matrix by a unitary
matrix UPMNS:
UTPMNSMνLUPMNS = diag(m1,m2,m3) , (8)
where UPMNS is the so-called Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix [99–
102]. The PMNS matrix is parametrized as
UPMNS =

c12c13 s12c13 s13e
−iδ
−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13


1
ei
α2
2
ei
α3
2
 , (9)
where cij ≡ cos θij and sij ≡ sin θij for θij = [0, pi/2], δ, α2, α3 = [0, 2pi], and we have ordered
m1 < m2 without loss of generality. We follow the convention of the Particle Data Group [103],
where m22 −m21  |m23 −m21| and m1 < m2 < m3 (Normal Ordering, NO) or m3 < m1 < m2
(Inverted Ordering, IO). In Tab. 4, we show the best fit values for the neutrino oscillation
3In the singlet case, the exchange of U(1)Y ′ charge +1 for −1 just corresponds to that of σ for σ∗ and the
realized neutrino mass structure does not change.
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Table 4: Values for the neutrino oscillation parameters we use in this paper. We take them from
the NuFIT v4.0 result with the Super-Kamiokande atmospheric data [104, 105].
Normal Ordering Inverted Ordering
Parameter Best fit ±1σ 3σ range Best fit ±1σ 3σ range
sin2 θ12 0.310
+0.013
−0.012 0.275–0.350 0.310
+0.013
−0.012 0.275–0.350
sin2 θ23 0.582
+0.015
−0.019 0.428–0.624 0.582
+0.015
−0.018 0.433–0.623
sin2 θ13 0.02240
+0.00065
−0.00066 0.02044–0.02437 0.02263
+0.00065
−0.00066 0.02067–0.02461
∆m221/10
−5 eV2 7.39+0.21−0.20 6.79–8.01 7.39
+0.21
−0.20 6.79–8.01
∆m23`/10
−3 eV2 2.525+0.033−0.031 2.431–2.622 −2.512+0.034−0.031 −(2.606–2.413)
δ [◦] 217+40−28 135–366 280
+25
−28 196–351
parameters and 1σ (3σ) ranges based on the global analysis of neutrino data from the NuFIT
v4.0 result with the Super-Kamiokande atmospheric data [104, 105]. Here, we take ` = 1 for
NO and ` = 2 for IO in ∆m23` [106].
In this paper, we consider only the mi 6= 0 cases like Refs. [64, 65]. This is because if mi = 0
(i = 1 or 3), the mass matrix for the light neutrinosMνL is block-diagonal, and we cannot have
desired mixing angles. From Eqs. (7) and (8), the following relation is given:
M−1νL = −(M−1D )TMRM−1D = UPMNSdiag(m−11 ,m−12 ,m−13 )UTPMNS . (10)
MD is diagonal and (µ, µ) and (µ, τ) components inMR vanish, and so these components of the
right-hand side also should vanish. Then the minimal gauged U(1)B+Le−3Lµ−Lτ model is one of
the concrete realizations of the two-zero-minor structure. From these vanishing conditions, the
following two equations are given:
1
m1
V 2µ1 +
1
m2
V 2µ2 e
iα2 +
1
m3
V 2µ3 e
iα3 = 0 , (11)
1
m1
Vµ1Vτ1 +
1
m2
Vµ2Vτ2 e
iα2 +
1
m3
Vµ3Vτ3 e
iα3 = 0 , (12)
where the unitary matrix V is defined by UPMNS = V · diag(1, eiα2/2, eiα3/2). We notice that
neither the VEV of the U(1)B+Le−3Lµ−Lτ -symmetry breaking singlet scalar 〈σ〉 nor Majorana
masses Meτ appear in these conditions explicitly. This is the most important point in this
analysis. This is because the following discussions and results based on the above conditions are
independent of the U(1)B+Le−3Lµ−Lτ -symmetry breaking scale and the Majorana mass scale.
Needless to say, to explain the lightness of the active neutrinos, we use the seesaw mechanism
in Eq. (7), and so these scales lie around much greater than the scale of the light neutrinos.
Moreover, it is shown in Ref. [64] that the two-zero minor structure is preserved under the
renormalization group flow when the charged lepton mass matrix is diagonal.
In the doublet cases, the TZT structure of the neutrino mass matrix gives the following
vanishing conditions:
MνL = −MDM−1R MTD = U∗PMNSdiag(m1,m2,m3)U †PMNS . (13)
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In the case of the minimal gauged U(1)Lµ−Lτ model with a doublet scalar with U(1)Lµ−Lτ charge
+1, both sides of Eq. (13) have zeros in the (e, µ) and (µ, µ) components. Then, we obtain the
vanishing conditions from Eq. (13) and can analyze these in the same way as the singlet case.
3.2 Analyses of vanishing conditions
Eqs. (11) and (12) are two complex equations. Therefore, by solving these conditional equations,
we can obtain four real parameters, namely the Dirac CP phase δ, Majorana CP phases α2,3, and
mass eigenvalue of the active neutrino m1, as functions of the neutrino oscillation parameters
θ12, θ23, θ13, ∆m
2
21, and ∆m
2
3`. We analyze these conditions, following Refs. [64, 65]. From
Eqs. (11) and (12), we obtain
eiα2 =
m2
m1
R2(δ) , e
iα3 =
m3
m1
R3(δ) , (14)
with
R2 ≡ Vµ1V
∗
e2
Vµ2V ∗e1
, R3 ≡ Vµ1V
∗
e3
Vµ3V ∗e1
, (15)
where we have used V˜ T = V −1 and detV = 1 with V˜ being the cofactor matrix of V .4 In
Appendix A.1, we give the explicit expressions for R2 and R3 in terms of neutrino oscillation
parameters. By taking absolute values of Eqs. (14), we obtain the mass ratios m2/m1, m3/m1
as functions of the Dirac CP phase:
m2
m1
=
1
|R2(δ)| ,
m3
m1
=
1
|R3(δ)| . (16)
In Fig. 1, we show the mass ratios m2/m1 and m3/m1 against the Dirac CP phase δ. The bands
show uncertainty coming from the 1σ error in θ12, which gives dominant contributions. For
input parameters of the neutrino mixing angles, we use the NO values in Tab. 4. We find that
the NO: m1 < m2 < m3 is realized in 0 ≤ δ ≤ 2pi from this figure, while the IO is not.
We have calculated the mass ratios in the other U(1)Y ′ extended models in the same way
as the above example, and then have found that only five U(1)Y ′ symmetries realize the NO
and two do the IO5. We show the summary of the consistency between the neutrino oscillation
parameters and mass ordering in Tab. 5. “X” represents the compatibility of the TZM structure
with the NO or IO when the best fit value of θ23 is used, and “×” does the opposite. “4” in
the BR3 and B
R
4 cases mean that the NO or IO cannot be realized when we use the best fit
value of θ23, but they are realized when we use the smallest value in the 3σ region of θ23. From
this result, we discuss only the U(1)Lµ−Lτ [CR], U(1)B−Le−3Lµ+Lτ [BR3 ], U(1)B−Le+Lµ−3Lτ [BR4 ],
U(1)B+Le−3Lµ−Lτ [DR1 ] and U(1)B+Le−Lµ−3Lτ [DR2 ] cases, henceforth.
Returning to the U(1)B+Le−3Lµ−Lτ [DR1 ] case, from the above discussion, we fix the mass
ordering to the NO and determine m1 and δ as functions of neutrino oscillation parameters.
From Eqs. (16), an equation for cos δ is obtained by
|R2(δ)|2(1− |R3(δ)|2) = |R3(δ)|2(1− |R2(δ)|2) (17)
4From V˜ T = V −1, we obtain V ∗ = V˜ , and for instance, the following relation holds: V ∗e1 = Vµ2Vτ3 − Vµ3Vτ2.
5This result that five U(1)Y ′ symmetries realize the NO or the IO is consistent with Refs. [58, 59].
8
m2 / m1
m3 / m1
0 π 2π0
2
4
6
8
10
12
δ
R
at
io
Figure 1: The mass ratios m2/m1 and m3/m1 as functions of the Dirac CP phase δ in the
minimal gauged U(1)B+Le−3Lµ−Lτ model with a singlet scalar. The bands show uncertainty
coming from the 1σ error in θ12, which gives dominant contributions. The thin gray dotted line
corresponds to m2,3/m1 = 1. For input parameters of the neutrino mixing angles, we use the
NO values in Tab. 4.
where  ≡ ∆m221/∆m231, and it leads δ as functions of neutrino oscillation parameters. We give
an explicit expression of Eq. (17) in Eq. (a.3) in Appendix A.2. Substituting the best fit values of
the mixing angles θij in Tab. 4 into Eq. (a.3) and solving it numerically, we obtain cos δ ' 0.102
for the best fit values of the neutrino oscillation parameters, which means δ = 0.468pi or 1.532pi.
Substituting this result into Eqs. (16), we also obtain m1 as a function of neutrino oscillation
parameters. An explicit expression for m1 is given in Appendix A.3. Moreover, comparing the
phases of R2,3 in Eqs. (14) respectively, we can obtain the Majorana CP phases:
α2 = Arg
[
m2
m1
R2(δ)
]
, α3 = Arg
[
m3
m1
R3(δ)
]
. (18)
It is shown in Ref. [64] that |R2(δ)| and |R3(δ)| do not change under δ → −δ, and so m1 also
does not change whether we choose δ or −δ. Furthermore, we have α2,3(−δ) = −α2,3(δ). These
discussions are applicable to the other U(1)Y ′ symmetries and we obtain the same conclusions.
4 Predictions for the neutrino parameters
In the previous section, we have shown that, by analyzing the two-zero minor and texture
structures, we can obtain the neutrino mass, Dirac CP phase and Majorana CP phases as
functions of the neutrino oscillation parameters, namely the three mixing angles and two squared
mass differences. Here, we show the results of calculations with the errors in the neutrino
oscillation parameters. For input values, we use the values given in Tab. 4 [104, 105]. Moreover,
we show the result of the effective neutrino mass relevant to the neutrinoless double beta decay.
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Table 5: The consistency between the neutrino oscillation parameters and the mass ordering.
“X” represents the compatibility of the TZM structure with NO or IO when the best fit value
of θ23 is used, and “×” does the opposite. “4” in the BR3 and BR4 cases mean that the NO
or IO cannot be realized when we use the best fit value of θ23, but they are realized when we
use the smallest value in the 3σ region of θ23. The subscript R means that the neutrino mass
matrix has the two-zero minor structure.
structure index AR1 A
R
2 B
R
3 B
R
4 C
R DR1 D
R
2 E
R
1 E
R
2 F
R
1 F
R
2 F
R
3
NO × × X 4 X X X × × × × ×
IO × × 4 X × × × × × × × ×
The results in the U(1)Lµ−Lτ case are not new ones, but ones of our previous work [65]. However,
we show them in this paper for completeness.
4.1 Neutrino masses
In the singlet cases, the U(1)Y ′ gauge symmetries which realize the NO or the IO are only five, as
shown in Tab. 5. In Fig. 2, we plot the sum of the neutrino masses as functions of θ23 in the red
line. θ23 is varied in the 3σ region. Fig. 2 (a) is the same as Fig. 1 in Ref. [65]. The vertical gray
dashed line represents the best fit value of θ23, and the vertical gray dotted lines (the plot range)
indicate the 1σ (3σ) region. The dark (light) red bands show the uncertainty coming from the 1σ
(3σ) errors of θ13 and ∆m
2
31 in the C
R and the other structures, respectively. The contribution
to
∑
mi from the errors of the other parameters are subdominant, and so we take them to be the
best fit values. The horizontal dashed line shows the present limit on the sum of the neutrino
masses by the Planck experiment:
∑
imi < 0.12 eV (Planck TT+lowP+lensing+ext) [107].
As we see in Fig. 2 (a), in the CR case, there is a strong tension between the prediction and
Planck limit, and the allowed region of θ23 is only around θ23 ' 52◦. For such a θ23, the sum
of the neutrino masses
∑
imi is so large that it implies the quasi-degenerate mass spectrum. In
both the DR1 and D
R
2 cases,
∑
imi is about 0.065 eV and lighter than the limit. But Eq. (17)
has solutions for θ23 & 44◦ in the DR1 case, and for θ23 . 46◦ in the DR2 case, as we see in
Figs. 2 (b) and (c). On the other hand, as we see in Figs. 2 (d), (e), (f) and (g), in these cases,
the predicted values of
∑
imi conflict with the limit when we allow the parameters to be varied
in 3σ. Therefore these four cases are excluded.
From the above results, in the singlet cases, only three lepton flavor-dependent U(1) gauge
symmetries, U(1)Lµ−Lτ [CR], U(1)B+Le−3Lµ−Lτ [DR1 ] and U(1)B+Le−Lµ−3Lτ [DR2 ], realize the
NO without conflicting with the existing experiments and no symmetry does the IO. Further-
more, as also shown in Ref. [65], the CR case has strong tension with the Planck 2018 limit and
will soon be tested in the future neutrino experiments.
On the other hand, in the doublet cases, only the U(1)Lµ−Lτ gauge symmetry realizes the
two-zero texture structure and the possible mass orderings without conflicting with the various
experiments relevant to Z ′. This case has been discussed in the previous work [65] and the
results are shown there, but for completeness, we show them here.
In Fig. 3, which is the same as Fig. 2 in Ref. [65], we plot the sum of the neutrino masses
in the doublet models as functions of θ23 in the red line. The dark (light) red bands show
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(a) CR (NO) (b) DR1 (NO) (c) D
R
2 (NO)
(d) BR3 (NO) (e) B
R
3 (IO)
(f) BR4 (NO) (g) B
R
4 (IO)
Figure 2: The predictions for the sum of the neutrino masses in the singlet models. The red
line shows the prediction as functions of θ23 and the dark (light) red bands show the uncer-
tainty coming from the 1σ (3σ) errors of θ13 and ∆m
2 in the CR and the other structures,
respectively. The vertical gray dashed line represents the best fit value of θ23 and the vertical
gray dotted lines represent the 1σ region. The horizontal dashed gray line shows the present
limit on the sum of the neutrino masses by the Planck experiment:
∑
imi < 0.12 eV (Planck
TT+lowP+lensing+ext) [107].
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the uncertainty coming from the 1σ (3σ) errors of ∆m231. The contribution to
∑
mi from the
errors of the other parameters are subdominant, and so we take them to be the best fit values.
Comparing Fig. 3 with Fig. 2, we find that the predicted values in the Bν3 (B
ν
4) cases are the
same as those in the BR4 (B
R
3 ). This is because the inverse of the matrix which has the B3
structure has the B4 structure and vice versa.
Mν M−1ν
Bν3 :
( ∗ 0 ∗
0 0 ∗
∗ ∗ ∗
)
⇐⇒ BR4 :
( ∗ ∗ 0
∗ ∗ ∗
0 ∗ 0
)
Bν4 :
( ∗ ∗ 0
∗ ∗ ∗
0 ∗ 0
)
⇐⇒ BR3 :
( ∗ 0 ∗
0 0 ∗
∗ ∗ ∗
)
In any case, as we have concluded in the previous work [65], all the doublet cases result in
too heavy neutrino masses and they are excluded by the Planck 2018 limit. Therefore, we show
the prediction of only the singlet cases hereafter.
4.2 Dirac CP phase
In Fig. 4, we plot the Dirac CP phase as functions of θ23 in the red line. θ23 is varied in the 3σ
region. Fig. 4 (a) is the same as Fig. 3 (a) in Ref. [65]. The dark (light) red bands show the
uncertainty coming from the 1σ (3σ) errors of θ12. We notice that the dominant contribution
to the uncertainty comes from the error in θ12. On the other hand, the other parameters give
subdominant contribution, and so we take them to be the best fit values. We also show the 1σ
(3σ) favored region of δ in the dark (light) horizontal green bands. As we see in Fig. 4 (a), in
the CR case, the upper band of the predicted values is in the experimentally favored region.
For θ23 ' 52◦, the prediction is δ ' 1.3pi and it is in the 1σ range of the favored region of δ. In
the DR1 and D
R
2 cases, the predictions depend on θ12 as much as θ23 and the other parameters
have considerable contributions. Moreover, the quadratic equations of cos δ have no solution in
some regions of θ23 and D
R
2 cannot realize the NO when we take all the neutrino oscillation
parameters to be the best fit values.
4.3 Effective Majorana neutrino mass
Lastly, we discuss neutrinoless double-beta decay (0νββ) and the possibility of testing the singlet
models6. The rate of neutrinoless double-beta decay is proportional to the square of the effective
Majorana neutrino mass 〈mββ〉, which is defined by
〈mββ〉 ≡
∣∣∣∣∣∑
i
(UPMNS)
2
eimi
∣∣∣∣∣ = ∣∣∣c212c213m1 + s212c213eiα2m2 + s213ei(α3−2δ)m3∣∣∣ . (19)
As we note in the previous section, not only the neutrino mass m1 and Dirac CP phase δ, but also
the Majorana CP phases α2,3 are uniquely determined as functions of the neutrino oscillation
parameters θ12, θ23, θ13, ∆m
2
21 and ∆m
2
31. Thus we can calculate the effective Majorana neutrino
mass 〈mββ〉 without ambiguity. In Fig. 5, we show the predicted value of 〈mββ〉, in the CR, as
a function of θ23 in the red line. This figure is also shown in Ref. [65]. θ23 is varied in the 3σ
6See also Ref. [61].
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(a) Bν3 (NO) (b) B
ν
3 (IO)
(c) Bν4 (NO) (d) B
ν
4 (IO)
Figure 3: The predictions for the sum of the neutrino masses in the doublet models. The red
line shows the prediction as functions of θ23 and the dark (light) red bands show the uncertainty
coming from the 1σ (3σ) errors of ∆m23`. The vertical and horizontal lines are the same as
Fig. 2.
13
(a) CR (NO)
(b) DR1 (NO) (c) D
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2 (NO)
Figure 4: The predictions for the Dirac CP phase in the singlet models. The red line shows the
prediction as functions of θ23 and the dark (light) red bands show the uncertainty coming from
the 1σ (3σ) errors of θ12 and the other parameters give subdominant contribution. The vertical
gray lines are the same as Fig. 2. The horizontal dark (light) green bands show the 1σ (3σ)
favored region of δ.
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region. The dark (light) red bands show the uncertainty coming from the 1σ (3σ) errors of the
other parameters. We also show in the light blue band the current bound on 〈mββ〉 given by
the KamLAND-Zen experiment, 〈mββ〉 < 0.061-0.165 eV [3], where the uncertainty stems from
the estimation of the nuclear matrix element for 136Xe. As we see in Fig. 5, 〈mββ〉 is predicted
Figure 5: The predictions for the effective Majorana neutrino mass in the CR case. The red
line shows the prediction as functions of θ23 and the dark (light) red bands show the uncertainty
coming from the 1σ (3σ) errors of the other parameters. The vertical gray lines are the same as
Fig. 2. The light blue band shows the current bound on 〈mββ〉 given by the KamLAND- Zen
experiment, 〈mββ〉 < 0.061-0.165 eV [3].
to be ' 0.016 eV for θ23 ' 52◦, which is well below the present KamLAND-Zen limit. Future
experiments are expected to have sensitivities as low as O(0.01) eV [108], and thus it is expected
that the CR case will be tested in the future.
On the other hand, the DR1 and D
R
2 cases predict that 〈mββ〉 vanishes and it means that
neutrinoless double-beta decay process never occurs. This is because when the mass matrix of the
neutrinos has the DR1 (D
R
2 ) structure, that matrix also has the A
ν
2 (A
ν
1) structure, respectively,
and then (e, e) component of the neutrino mass matrix vanishes. Thus the following relation is
satisfied:
〈mββ〉 =
∣∣(UPMNSdiag(m1,m2,m3)UTPMNS)ee∣∣
=
∣∣∣(U∗PMNSdiag(m1,m2,m3)U †PMNS)
ee
∣∣∣
=
∣∣(MνL)ee∣∣
= 0 . (20)
Therefore, the existing experimental limits on 〈mββ〉 give no constraint to the DR1 and DR2
cases. On the other hand, if neutrinoless double-beta decay processes are detected in future
experiments, these cases are excluded.
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5 Implications for Leptogenesis
The minimal gauged U(1)Y ′ models contain 3 right-handed neutrinos which couple to the SM
leptons. Therefore, if they are heavy enough, the observed baryon asymmetry of the Universe can
be explained by the leptogenesis scenario [109], which is one of the most promising mechanisms.
In the previous section, we have shown that the neutrino masses, the Dirac CP phase, and
Majorana CP phases are determined as functions of the neutrino oscillation parameters in the
minimal gauged U(1)Y ′ models. This smallness of the degree of freedom affects the parameters
relevant to the baryon asymmetry generated through leptogenesis.
In this section, following the analyses of Ref. [64], we firstly show the predicted signs of
the asymmetry parameter , which is one of the most important parameters in leptogenesis
scenario, and then discuss whether the correct sign of the baryon asymmetry can be generated
in the minimal gauged U(1)Y ′ models. Next, we briefly discuss the possibility of generating
enough amount of the baryon asymmetry in the thermal leptogenesis scenario. For simplicity,
we do not take into account flavor effects [110–112].
In the minimal gauged U(1)Y ′ model, the absolute neutrino mass m1, Dirac CP phase δ and
Majorana CP phases α2,3 are not free parameters and determined as functions of the neutrino
oscillation parameters θ12, θ23, θ13,∆m
2
21,∆m
2
31 and sign of sin δ. Then, from the seesaw formula:
MνL ' −MDM−1R MTD, the Majorana mass matrix MR is tightly constrained, and the free
parameters inMR are only the three Dirac Yukawa couplings of the neutrinos. By diagonalizing
the masses of the right-handed neutrinos, we can rewrite the Lagrangian (5) as follows:
∆L = −
3∑
i=1
∑
α=e,µ,τ
λˆiαNˆ
c
i (Lα ·H)−
1
2
3∑
i=1
MiNˆ
c
i Nˆ
c
i + h.c. , (21)
where Nˆ ci are the right-handed neutrinos in the basis where the Majorana mass matrix MR is
diagonal and λˆiα are the Dirac Yukawa couplings of the neutrinos in that basis, and Mi are the
masses which are taken to be real and positive. These values are written by
MR = Ω∗diag(M1,M2,M3)Ω†, Ω†Ω = I , (22)
Nˆ ci =
∑
α
Ω∗αiN
c
α , (23)
λˆiα = Ωαiλα (not summed) . (24)
Here, for simplicity, we assume that the heavy neutrinos have mass hierarchy and the lightest
right-handed neutrino N1 is much lighter than the others. In this case, the lepton asymmetry is
generated by the decay of the lightest right-handed neutrino, and then the asymmetry parameter
1 is given, at the leading order, by [113–115]
1 =
1
8pi
1
(λˆλˆ†)11
∑
i=2,3
Im
[{
(λˆλˆ†)1j
}2]
f
(
M2j
M21
)
, (25)
f(x) =
√
x
[
1− (x+ 1) ln
(
1 +
1
x
)
− 1
x− 1
]
. (26)
As shown in Ref. [64], this asymmetry parameter have a correlation with the sign of sin δ. This
is because that the Majorana CP phases flip: α2,3 → −α2,3 under sign flipping of the Dirac CP
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phase: δ → −δ, and then the PMNS matrix transforms as UPMNS → U∗PMNS. On the other hand,
the absolute neutrino mass m1 depends on only cos δ, not sin δ, and so m1 does not change under
sign flipping of δ. Then MνL , MR, Ω, and λˆ also transform as MνL → M∗νL , MR → M∗R,
Ω → Ω∗, and λˆ → λˆ∗. Therefore, from Eq. (25), the sign of the asymmetry parameter 1 is
flipped: 1 → −1, and it means that there is a one-to-one correspondence between the sign
of the Dirac CP phase and that of the baryon asymmetry in the Universe. In the following
discussion, we take the Dirac CP phase to be δ > pi, which is favored by the experiments.
When we focus on only the sign of the baryon asymmetry, only the ratio between the Yukawa
couplings λe, λµ, λτ are important. Now we parametrize the Yukawa couplings as follows:
(λe, λµ, λτ )
T = λ(cos θ, sin θ cosφ, sin θ sinφ)T ≡ λnT . (27)
For this parametrization, the asymmetry parameter in Eq. (25) is written by
1 =
1
8pi
λ2
(nˆnˆ†)11
∑
i=2,3
Im
[{
(nˆnˆ†)1j
}2]
f
(
M2j
M21
)
, (28)
nˆiα = Ωαinα (not summed) , (29)
From Eq. (28), the sign of 1 is independent of the scale of the Yukawa couplings λ, and it is
determined by the ratios θ, φ. Note that the sphaleron process predicts nB/nL < 0 [116], and
then 1 < 0 leads to the observed baryon asymmetry of the Universe.
In Fig. 6, we show the parameter region of the (θ, φ) plane where the asymmetry parameter
1 is negative. In Figs. 6 (a), (b) and (c), we use θ23 = 52
◦, 49.7◦(best fit value), 43◦, respectively,
and take the other parameters to be the best fit values. The red shaded areas show the parameter
region of the (θ, φ) plane where the asymmetry parameter 1 is negative: 1 < 0. Moreover, we
also show the contours of the right-handed neutrino mass ratio M2/M1. These figures show that
the CR and DR1 cases predict 1 < 0 in the large regions of the (θ, φ) plane. On the other hand,
DR2 case realizes 1 < 0 only on the thin red line: φ ' pi/4 & θ . pi/4 (λµ ' λτ < λe) and in
the red triangle: θ > pi/4.
For the estimation of the final baryon asymmetry generated by the leptogenesis scenario, the
production mechanism of the right-handed neutrinos and the efficiency factor κf are important.
In the case of thermal leptogenesis, there are weak and strong washout regimes. The CR case
predicts m1 & 0.03 eV, and the DR1 and DR2 cases do m1 & 0.004 eV, and then they are classified
in the strong washout regime7. In that regime, the efficiency factor κf is given by [117]
κ ' 0.02
(
0.01 eV
m˜1
)1.1
, (30)
where m˜1 ≡ (M†MD)11/M1 is the effective neutrino mass. In general, the relation m˜1 ≥ m1
holds [118], and then κf are roughly given as follows;
κf .
{
0.02× (0.01 eV0.03 eV)1.1 ' 0.006 (CR)
0.02× ( 0.01 eV0.004 eV)1.1 ' 0.055 (DR1 ,DR2 ) . (31)
7See , e.g., [117]
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(a) CR (NO)
(b) DR1 (NO) (c) D
R
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Figure 6: The predictions for the sign of the baryon asymmetry in the singlet models. The red
shaded areas show the parameter region of the (θ, φ) plane where the asymmetry parameter 1
is negative: 1 < 0. Moreover, we also show the contours of the right-handed neutrino mass
ratio M2/M1. In Figs. (a), (b) and (c), we use θ23 = 52
◦, 49.7◦(best fit value), 43◦, respectively,
and take the other parameters to be the best fit values.
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The generated baryon asymmetry is given by [117]
Y∆B = −28
79
κf
g∗
1 ' −3.3× 10−3κf 1, (32)
where g∗ is the degree of freedom of relativistic fields. Therefore, the asymmetry parameter needs
to be 1 ∼ O(10−5-10−6) to explain the observed baryon asymmetry Y∆B ∼ 8.7× 10−11 [107].
In Figs. 7, we show the sizes of the asymmetry parameters −1/λ2 as functions of φ. As you
see in Eq. (28), for fixed θ, the asymmetry parameter 1 scales as 1 ∝ λ2 in this parametrization,
and so we normalize 1 by λ
2. The neutrino oscillation parameters except for θ23 are taken to
be the best fit values, and θ23 are taken to be θ23 = 52
◦, 49.7◦(best fit value), 43◦, respectively.
The sign of the Dirac CP phase is taken to be negative (δ > pi). In this setup, these figures show
that the CR and DR1 cases predict sizable values |1| > 10−5. On the other hand, it is difficult
for the DR2 case to give a sizable negative value, and only for 2 . tan θ . 200, that is, in the
red triangle area in Fig. 6 (c), the predicted value of −1/λ2 is greater than 10−6. In a part of
this area, as we see in Fig. 6 (c), the right-handed neutrino masses M1,M2 are degenerate, and
so we have to consider the resonant leptogenesis [119–122] for more correct discussion.
6 Conclusions
In this work, we have extended U(1)Lα−Lβ gauge symmetries in Refs. [64, 65] to more gen-
eral lepton flavor-dependent U(1)Y ′ , namely linear combinations of U(1)Le−Lµ , U(1)Lµ−Lτ and
U(1)B−L, and have studied the two-zero minor and texture structures in the minimal gauged
U(1)Y ′ models. In these models, because of the gauge symmetries, the structures of the Dirac
and Majorana mass matrices are tightly restricted. These restrictions connect the low-energy
neutrino parameters each other, and four of them are given as functions of the rest of the param-
eters, namely the neutrino mixing angles and squared mass differences. Using these relations,
we obtained the prediction for the Dirac CP phase, sum of the neutrino masses, and effective
Majorana neutrino mass. Furthermore, among the minimal U(1)Y ′ gauged models which realize
the TZM or TZT, we found that only three models with one U(1)Y ′-breaking singlet scalar for
NO are not in conflict with the experimental constraints. We summarize the results in Tab. 6.
“N” and “I” represent the NO and IO, respectively. “X” and “×” represent whether models are
consistent with the experimental constraints or not. “4” means that, in the column of mixing,
the models predict the NO or the IO if θ23 is taken to be in the range of 3σ, and in that of
mass, there is a strong tension between the prediction and the Planck limit. Moreover, in that
of leptogenesis, it means that the limited parameter regions realize the correct sign and enough
size of the baryon asymmetry. “” means that the models predict that the 0νββ process never
occurs.
Among them, U(1)Lµ−Lτ [CR] case predicts heavy neutrino masses and has a strong tension
with the Planck 2018 limit. Therefore, this case will soon be tested by the future experiments
of
∑
imi and θ23. On the other hand, U(1)B+Le−3Lµ−Lτ [D
R
1 ] and U(1)B+Le−Lµ−3Lτ [DR2 ] cases
predict lighter
∑
imi than the Planck limit and no neutrinoless double beta decay. Then if
neutrinoless double beta decay is observed in the future, these cases will be excluded completely.
We have also discussed the implications of the minimal gauged U(1)Y ′ models for the lepto-
genesis scenario. Because of the two-zero minor conditions, the neutrino Majorana mass matrix
in the minimal models is severely restricted and have only three free parameters. We found
that the CR and DR1 cases generate the correct sign of the baryon asymmetry through the
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Figure 7: The predictions for the sizes of the asymmetry parameters −1/λ2 as functions of
the ratios of the Yukawa couplings θ, φ in the singlet models. In Figs. (a), (b) and (c), we use
θ23 = 52
◦, 49.7◦(best fit value), 43◦, respectively, and take the other parameters to be the best
fit values.
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Table 6: The consistency between the models with the TZM structure and the experimental
constraints, namely the neutrino mixing angles, sum of the neutrino masses and effective Ma-
jorana neutrino mass. We also show the possibility to generate the correct sign of the baryon
asymmetry. “N” and “I” represent the NO and IO, respectively. “X” and “×” represent whether
models are consistent with the experimental constraints or not. “4” means that, in the column
of mixing, the models predict the NO or the IO if θ23 is taken to be in the range of 3σ, and in
that of mass, there is a strong tension between the prediction and the Planck limit. Moreover,
in that of leptogenesis, it means that the limited parameter regions realize the correct sign and
enough size of the baryon asymmetry. “” means that the models predict that the 0νββ process
never occurs.
Structural index
AR1 A
R
2 B
R
3 B
R
4 C
R DR1 D
R
2 E
R
1 E
R
2 F
R
1 F
R
2 F
R
3
N·I N·I N I N I N I N I N I N·I N·I N·I N·I N·I
Mixing × × X 4 4 X X × X × X × × × × × ×
Mass − − × × × × 4 − X − X − − − − − −
0νββ − − − − − − X −  −  − − − − − −
Leptogenesis − − − − − − X − X − 4 − − − − − −
leptogenesis scenario in the large parameter spaces, and predict enough size of the asymmetry
parameters in the thermal leptogenesis scenario. On the other hand, the DR2 case generates the
correct sign of the baryon asymmetry only in the limited regions of the parameter space, and the
observed value of the baryon asymmetry can be generated in this case when the right-handed
neutrino masses are degenerate.
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Appendix
A Miscellaneous formulae
Here we give formulae that are useful for the study of the neutrino mass structures in three
minimal gauged U(1)Y ′ models which do not conflict with the experimental results, such as the
neutrino oscillation experiments and the Planck 2018. The formulae in the CR case are also
shown in Ref. [64].
A.1 R2 and R3
Here, we show the list of the functions relevant to the ratios m2,3/m1, namely R2,3(δ) in Tab. 7.
Table 7: The list of the functions R2,3.
structure index Ri
CR
R2 − 2 sin2 θ12 cos 2θ23+sin 2θ12 sin 2θ23 sin θ13eiδ2 cos2 θ12 cos 2θ23−sin 2θ12 sin 2θ23 sin θ13eiδ
R3 − sin θ13e
2iδ [2 cos 2θ12 cos 2θ23 sin θ13−sin 2θ12 sin 2θ23(e−iδ+sin2 θ13eiδ)]
cos2 θ13[2 cos2 θ12 cos 2θ23−sin 2θ12 sin 2θ23 sin θ13eiδ ]
DR1
R2
sin θ12(eiδ cos θ12 sin θ23 sin θ13+sin θ12 cos θ23)
cos θ12(eiδ sin θ12 sin θ23 sin θ13−cos θ12 cos θ23)
R3 − e
iδ sin θ13(eiδ cos θ12 sin θ23 sin θ13+sin θ12 cos θ23)
cos θ12 sin θ23 cos2 θ13
DR2
R2
sin θ12(eiδ cos θ12 cos θ23 sin θ13−sin θ12 sin θ23)
cos θ12(eiδ sin θ12 cos θ23 sin θ13+cos θ12 sin θ23)
R3
eiδ sin θ13(−eiδ cos θ12 cos θ23 sin θ13+sin θ12 sin θ23)
cos θ12 cos θ23 cos2 θ13
A.2 Equation for cos δ
In this subsection, we show cubic and quadratic equations whose real solution in terms of x gives
cos δ.
In the CR case, the Dirac CP phase can be obtained from the following cubic equation:
s213
[
4s213 cos
2 2θ12 cos
2 2θ23 − s13 sin 4θ12(1 + s213)x
+ sin2 2θ12 sin
2 2θ23(c
4
13 + 4s
2
13x
2)
] [
2
(
2 cos 2θ12 cos
2 2θ23 − s13 sin 2θ12 sin 4θ23x
)]
−  [4s412 cos2 2θ23 + s213 sin2 2θ23 + 4s312c12s13 sin 4θ23x]
× [4 cos2 2θ23 (c412c413 − s413 cos2 2θ12)− s13 sin 4θ23 {4c413c312s12 − s213 sin 4θ12 (1 + s213)}x
−4s413 sin2 2θ12 sin2 2θ23x2
]
= 0 , (a.1)
where
 ≡ δm
2
∆m2 + δm2/2
. (a.2)
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In the DR1 case, the Dirac CP phase can be obtained from the following quadratic equation:
2c23s
2
13(2c
2
12s
2
23s
2
13 + 2s
2
12c
2
23 + sin 2θ12 sin 2θ23s13x)(cos 2θ12c23 − sin 2θ12s23s13x)
− s212(2c212s223s213 + 2s212c223 + sin 2θ12 sin 2θ23s13x)
× (2c212s223 cos 2θ13 − 2s212c223s213 − sin 2θ12 sin 2θ23s313x) = 0 . (a.3)
This equation can be solved easily and one of the solutions is certainly greater than one. The
other solution can give the Dirac CP phase δ if, and only if it satisfies −1 ≤ x ≤ 1:
x =
2
{
cos 2θ12c
2
23s
2
13 + s
2
12(s
2
12c
2
23s
2
13 − c212s223 cos 2θ13)
}
sin 2θ12 sin 2θ23s313(1− s212)
. (a.4)
In the DR2 case, the Dirac CP phase can be obtained from the following quadratic equation:
2s23s
2
13(2c
2
12c
2
23s
2
13 + 2s
2
12s
2
23 − sin 2θ12 sin 2θ23s13 cos δ)(cos 2θ12s23 + sin 2θ12c23s13 cos δ)
− s212(2c212c223s213 + 2s212s223 − sin 2θ12 sin 2θ23s13 cos δ)
× (2c212c223 cos 2θ13 − 2s212s223s213 + sin 2θ12 sin 2θ23s313 cos δ) = 0 . (a.5)
This equation can be solved easily and one of the solutions is certainly greater than one. The
other solution can give the Dirac CP phase δ if, and only if it satisfies −1 ≤ x ≤ 1:
x = −2
{
cos 2θ12s
2
23s
2
13 + s
2
12(s
2
12s
2
23s
2
13 − c212c223 cos 2θ13)
}
sin 2θ12 sin 2θ23s313(1− s212)
. (a.6)
A.3 Neutrino mass m1
Here, we show the list of the formulae of the neutrino mass m1 in Tab. 8.
Table 8: The list of the formulae of the neutrino mass m1.
structure index m1
CR δm
[
4s212 cos
2 2θ23+4s312c12s13 sin 4θ23 cos δ+s
2
13 sin
2 2θ12 sin
2 2θ23
2(2 cos 2θ12 cos2 2θ23−s13 sin 2θ12 sin 4θ23 cos δ)
] 1
2
DR1 δm
[
s212(2c
2
12s
2
23s
2
13+2s
2
12c
2
23+sin 2θ12 sin 2θ23s13 cos δ)
2c23(cos 2θ12c23−sin 2θ12s23s13 cos δ)
] 1
2
DR2 δm
[
s212(2c
2
12c
2
23s
2
13+2s
2
12s
2
23−sin 2θ12 sin 2θ23s13 cos δ)
2s23(cos 2θ12s23+sin 2θ12c23s13 cos δ)
] 1
2
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